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Abstract
We give the description of the first and second complex interpolation of van-
ishing Morrey spaces, introduced in [1, 4]. In addition, we show that the diamond
subspace (see [9]) and one of the function spaces in [1] are the same. We also give
several examples for showing that each of the complex interpolation of these spaces
is different.
Classification: 42B35, 46B70, 46B26
Keywords: Morrey spaces, vanishing Morrey spaces, complex interpolation
1 Introduction
Let 1 ≤ q ≤ p < ∞. The Morrey space Mpq = Mpq(Rn), introduced in [14], is defined
as the set of all f ∈ Lqloc(Rn) for which
‖f‖Mpq := sup
r>0
m(f, p, q; r) <∞,
where
m(f, p, q; r) := sup
x∈Rn
|B(x, r)| 1p
(
1
|B(x, r)|
∫
B(x,r)
|f(y)|q dy
) 1
q
, (r > 0).
Note that, for p = q, Mpq coincides with the Lebesgue space Lp. Meanwhile, if p < q,
then Mpq is strictly larger than Lp. For instance, the function f(x) := |x|−
n
p belongs
to Mpq but it is not in Lp.
∗Yoshihiro Sawano is also affiliated to Peoples’ Friendship University of Russian, Moscow, Russia.
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As a generalization of Lebesgue spaces, one may inquire whether the interpolation
of linear operators in Morrey spaces also holds. The first answer of this question was
given by G. Stampacchia in [16]. He proved a partial generalization of the Riesz-Thorin
interpolation theorem in Morrey spaces where the domain of the linear operator is as-
sumed to be the Lebesgue spaces. However, when the domain of the linear operator is
Morrey spaces, there are some counterexamples for the interpolation of linear operator
in Morrey spaces (see [3, 15]). Although these examples show the lack of interpolation
property of Morrey spaces, there are some recent results about the description of com-
plex interpolation of Morrey spaces. The first result in this direction can be found in
[6], where the authors proved that if
θ ∈ (0, 1), 1 ≤ q0 ≤ p0 <∞, 1 ≤ q1 ≤ p1 <∞ (1.1)
and
1
p
:=
1− θ
p0
+
θ
p1
and
1
q
:=
1− θ
q0
+
θ
q1
, (1.2)
then
[Mp0q0 ,Mp1q1 ]θ ⊆Mpq . (1.3)
Here, [·, ·]θ denotes the first complex interpolation space. Assuming the additional
assumption
p0
q0
=
p1
q1
, (1.4)
Lu et al. [13] proved that
[Mp0q0 ,Mp1q1 ]θ =Mp0q0 ∩Mp1q1
Mpq
. (1.5)
The corresponding result on the second complex interpolation spaces was obtained by
Lemarie´-Rieusset [12]. A generalization of the results in [13, 12] in the setting of the
generalized Morrey spaces can be seen in [7, 8].
In addition to complex interpolation of Morrey spaces, there are several papers on
the description of complex interpolation of some closed subspaces of Morrey spaces.
For instance, Yang et al. [18] proved that
[
◦
Mp0q0 ,
◦
Mp1q1 ]θ =
◦
Mpq , (1.6)
where the parameters are given by (1.1) and (1.2) and
◦
Mpq denotes the closure in
Mpq of the set of smooth functions with compact support. Other results on complex
interpolation of closed subspaces of Morrey spaces are considered in [8, 9, 10, 11, 19].
In particular, the authors in [8] consider the space Mpq := L∞ ∩MpqM
p
q
In this article, we shall investigate complex interpolation of vanishing Morrey spaces.
These spaces were introduced in [1, 4]. Let us recall the their definition as follows.
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Definition 1.1. Let 1 ≤ q ≤ p <∞. The vanishing Morrey space at the origin V0Mpq
and the vanishing Morrey space at infinity V∞Mpq are defined by
V0Mpq := {f ∈ Mpq : lim
r→0
m(f, p, q; r) = 0}
and
V∞Mpq := {f ∈ Mpq : limr→∞m(f, p, q; r) = 0},
respectively. The third subspace is the space V (∗)Mpq which is defined to be the set of
all functions f ∈ Mpq such that
lim
N→∞
sup
x∈Rn
∫
B(x,1)
|f(y)|qχRn\B(0,N)(y) dy = 0.
Our main results are the following two theorems.
Theorem 1.2. Assume (1.1), (1.4), and q0 6= q1. Define p and q by (1.2). Then
[V0Mp0q0 , V0Mp1q1 ]θ = [Mp0q0 ,Mp1q1 ]θ
=
{
f ∈ Mpq : lim
N→∞
‖f − χ{ 1
N
≤|f |≤N}f‖Mpq = 0
}
, (1.7)
[V∞Mp0q0 , V∞Mp1q1 ]θ = V∞Mpq ∩ [Mp0q0 ,Mp1q1 ]θ
=
{
f ∈ V∞Mpq : lim
N→∞
‖f − χ{ 1
N
≤|f |≤N}f‖Mpq = 0
}
, (1.8)
and
[V (∗)Mp0q0 , V (∗)Mp1q1 ]θ = V (∗)Mpq ∩ [Mp0q0 ,Mp1q1 ]θ
=
{
f ∈ V (∗)Mpq : lim
N→∞
‖f − χ{ 1
N
≤|f |≤N}f‖Mpq = 0
}
. (1.9)
Theorem 1.3. Assume (1.1) and (1.4). Define p and q by (1.2).
[V0Mp0q0 , V0Mp1q1 ]θ =Mpq , (1.10)
[V∞Mp0q0 , V∞Mp1q1 ]θ = {f ∈ Mpq : χ{a≤|f |≤b}f ∈ V∞Mpq for all 0 < a < b <∞},
(1.11)
and
[V (∗)Mp0q0 , V (∗)Mp1q1 ]θ = {f ∈Mpq : χ{a≤|f |≤b}f ∈ V (∗)Mpq for all 0 < a < b <∞}.
(1.12)
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Note that (1.7) and (1.10) are immediate once we notice that L∞ ∩Mpq ⊂ V0Mpq
(see Lemma 3.1). In addition to the vanishing Morrey spaces, we discuss the space Mpq ,
that is, the set of all functions f ∈ Mpq for which lim|y|→0 f(· + y) = f in the topology
of Mpq . These spaces were first introduced in [20]. We show that Mpq is equal to the
diamond space
⋄
Mpq , namely, the closure in Mpq of all functions f such that ∂αf ∈ Mpq
for all α ∈ N0n and j ∈ N (see Theorem 5.1 below). As a consequence, the complex
interpolation of Mpq follows from the result in [9]. Remark that the authors in [1] also
introduced the space V
(∗)
0,∞Mpq which is defined by
V
(∗)
0,∞Mpq := V0Mpq ∩ V∞Mpq ∩ V (∗)Mpq .
Since this space is equal to
◦
Mpq and (1.6) holds, we do not consider the complex
interpolation of this space.
The rest of this article is organized as follows. In Section 2 we recall the definition
of the complex interpolation method and some previous results about complex inter-
polation of Morrey spaces and their subspaces. We give the proof of Theorems 1.2
and 1.3 in Sections 3 and 4, respectively. In Section 5, we show that Mpq is equal to
⋄
Mpq . Finally, we compare each subspace in Theorems 1.2 and 1.3 and investigate their
relation by giving several examples in Section 6.
2 Preliminaries
2.1 The complex interpolation method
Let us recall the definition of complex interpolation method, introduced in [5]. We
follow the presentation in the book [2]. Throughout this paper, we define the set
S := {z ∈ C : 0 < Re(z) < 1} and S be its closure. First, we recall the following
definitions.
Definition 2.1 (Compatible couple). A couple of Banach spaces (X0,X1) is called
compatible if there exists a Hausdorff topological vector space Z for which X0 and X1
are continuously embedded into Z.
Definition 2.2 (The first complex interpolation functor). Let (X0,X1) be a compatible
couple of Banach spaces. The space F(X0,X1) is defined to be the set of all bounded
continuous function F : S → X0 +X1 for which
1. F is holomorphic in S;
2. For each k = 0, 1, the function t ∈ R 7→ F (k+it) ∈ Xk is bounded and continuous.
For every F ∈ F(X0,X1), we define the norm
‖F‖F(X0,X1) := max
k=0,1
sup
t∈R
‖F (k + it)‖Xk .
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Definition 2.3 (The first complex interpolation space). Let θ ∈ (0, 1). The first
complex interpolation of a compatible couple of Banach spaces (X0,X1) is defined by
[X0,X1]θ := {F (θ) : F ∈ F(X0,X1)}.
The norm on [X0,X1]θ is defined by
‖f‖[X0,X1]θ := inf{‖F‖F(X0 ,X1) : f = F (θ), F ∈ F(X0,X1)}.
We shall use the following density result.
Lemma 2.4. [5] Let θ ∈ (0, 1) and given a compatible couple of Banach spaces (X0,X1).
Then the space X0 ∩X1 is dense in [X0,X1]θ.
We now consider the second complex interpolation method. Let X be a Banach
space and recall that the space Lip(R,X) is defined to be the set of all X-valued
functions f on R for which
‖f‖Lip(R,X) := sup−∞<t<s<∞
‖f(s)− f(r)‖X
|s− t|
is finite. The definition of the second complex interpolation space is given as follows.
Definition 2.5 (The second complex interpolation functor). Let (X0,X1) be a com-
patible couple of Banach spaces. The space G(X0,X1) is the set of all continuous
functions G : S → X0 +X1 for which
1. G|S is holomorphic;
2. sup
z∈S
‖G(z)‖X0+X1
1 + |z| <∞;
3. For each k = 0, 1, the function t ∈ R 7→ G(k + it) ∈ Xk belongs to Lip(R,Xk).
For every G ∈ G(X0,X1), we define
‖G‖G(X0 ,X1) := max
k=0,1
sup
t∈R
‖G(k + i·)‖Lip(R,Xk).
Definition 2.6 (The second complex interpolation space). Let θ ∈ (0, 1) and (X0,X1)
be a compatible couple of Banach spaces. The second complex interpolation space
[X0,X1]
θ is defined by
[X0,X1]
θ := {G′(θ) : G ∈ G(X0,X1)}.
The space [X0,X1]
θ is equipped with the norm
‖f‖[X0,X1]θ := inf{‖G‖G(X0 ,X1) : f = G′(θ), G ∈ G(X0,X1)}.
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We shall utilize the following relation between the first and second complex inter-
polation method.
Lemma 2.7. [8, Lemma 2.4] Let (X0,X1) be a compatible couple of Banach spaces
and let G ∈ G(X0,X1) be fixed. For every z ∈ S, and k ∈ N, set
Hk(z) :=
G(z + 2−ki)−G(z)
2−ki
. (2.1)
Then, Hk(θ) ∈ [X0,X1]θ, for every θ ∈ (0, 1).
2.2 Previous results on complex interpolation of Morrey spaces
First, let us recall the results on the second complex interpolation method of Morrey
spaces.
Proposition 2.8. [7, 12] Keep the same assumption as in Theorem 1.3. Let f ∈ Mpq .
Define the functions F and G on S by
F (z) := sgn(f)|f |p
(
1−z
p0
+ z
p1
)
, (z ∈ S) (2.2)
and
G(z) := (z − θ)
∫ 1
0
F (θ + (z − θ)t) dt, (z ∈ S). (2.3)
Then, for every z ∈ S, we have
|G(z)| ≤ (1 + |z|)
(
|f |
p
p0 + |f |
p
p1
)
. (2.4)
Moreover, G ∈ G(Mp0q0 ,Mp1q1 ).
Theorem 2.9. [12] Keep the same assumption as in Theorem 1.3. Then
[Mp0q0 ,Mp1q1 ]θ =Mpq .
The description of complex interpolation of some closed subspaces of Morrey spaces
is given as follows.
Theorem 2.10. [8] Keep the same assumption as in Theorem 1.2. Then
[Mp0q0 ,Mp1q1 ]θ = [Mp0q0 ,Mp1q1 ]θ = {f ∈ Mpq : limN→∞ ‖f − χ{1/N≤|f |≤N}f‖Mpq = 0}.
Theorem 2.11. [8] Keep the same assumption as in Theorem 1.3. Then
[Mp0q0 ,Mp1q1 ]θ =Mpq .
We now recall the complex interpolation results of the diamond spaces in [9]. To
state these results, we recall the following notation.
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Definition 2.12. Let ψ ∈ C∞c (Rn) satisfy χQ(4) ≤ ψ ≤ χQ(8), where Q(r) := [−r, r]n.
Set ϕ0 := ψ and for j ∈ N, define
ϕj := ψ(2
−j ·)− ψ(2−j+1·).
We also define ϕj(D)f := F−1(ϕj ·Ff), where F and F−1 denote the Fourier transform
and its inverse. For a ∈ (0, 1), J ∈ N, and a measurable function f , we define
S(f) :=

 ∞∑
j=0
|ϕj(D)f |2


1
2
and S(f ; a, J) := χ{a≤S(f)≤a−1}

 ∞∑
j=J
|ϕj(D)f |2


1
2
.
Using the notation in Definition 2.12, let us state the description of complex inter-
polation of diamond spaces.
Theorem 2.13. [9, Theorem 1.4] Let θ ∈ (0, 1), 1 < q0 ≤ p0 <∞, and 1 < q1 ≤ p1 <
∞. Assume the condition (1.4). Define p and q by (1.2). Then
[
⋄
Mp0q0 ,
⋄
Mp1q1 ]θ = {f ∈
⋄
Mpq : lim
N→∞
‖f − χ{1/N≤|f |≤N}f‖Mpq = 0}
and
[
⋄
Mp0q0 ,
⋄
Mp1q1 ]θ =
⋂
0<a<1
{
f ∈ Mpq : lim
J→∞
‖S(f ; a, J)‖Mpq = 0
}
.
3 The first complex interpolation of vanishing Morrey
spaces
Lemma 3.1. Let 1 ≤ q ≤ p <∞. Then, Mpq ⊆ V0Mpq .
Proof. Let g ∈ L∞ ∩Mpq . Then, for every r > 0, we have
m(g, p, q; r) . ‖g‖L∞r
n
p ,
so lim
r→0+
m(g, p, q; r) = 0. Hence, g ∈ V0Mpq . Thus, L∞ ∩Mpq ⊆ V0Mpq . Since V0Mpq is
a closed subspace of Mpq , we conclude that Mpq ⊆ V0Mpq .
Lemma 3.2. Let 1 ≤ q < p <∞. Then L∞c ⊆ V∞Mpq ∩ V (∗)Mpq .
Proof. Let f ∈ L∞c . Then, for every r > 0, we have
m(f, p, q; r) . r
n
p
−n
q ‖f‖Lq .
Consequently, lim
r→∞m(f, p, q; r) = 0. Therefore, f ∈ V∞M
p
q . We now show that
f ∈ V (∗)Mpq . (3.1)
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For every N ∈ N, we have
sup
x∈Rn
∫
B(x,1)
|f(y)|qχRn\B(0,N)(y) dy ≤ ‖fχRn\B(0,N)‖qLq .
Therefore, since the right-hand side is zero for large N we have
lim
N→∞
sup
x∈Rn
∫
B(x,1)
|f(y)|qχRn\B(0,N)(y) dy = 0,
which implies (3.1).
Lemma 3.3. Let θ ∈ (0, 1), 1 ≤ q0 ≤ p0 < ∞, and 1 ≤ q1 ≤ p1 < ∞. Define p and q
by
1
p
:=
1− θ
p0
+
θ
p1
and
1
q
:=
1− θ
q0
+
θ
q1
.
Then we have the following inclusions:
V∞Mp0q0 ∩ V∞Mp1q1 ⊆ V∞Mpq , and V (∗)Mp0q0 ∩ V (∗)Mp1q1 ⊆ V (∗)Mpq .
Proof. We only prove the first inclusion. The proof of another inclusion is similar. Let
f ∈ V∞Mp0q0 ∩ V∞Mp1q1 . Then
lim
r→∞m(f, p0, q0; r) = 0 and limr→∞m(f, p1, q1; r) = 0. (3.2)
By Ho¨lder’s inequality, for every r > 0, we have
m(f, p, q; r) ≤ m(f, p0, q0; r)1−θm(f, p1, q1; r)θ.
Combining this inequality and (3.2), we get lim
r→∞m(f, p, q; r) = 0, so f ∈ V∞M
p
q , as
desired.
Proposition 3.4. Let f ∈ V∞Mpq be such that f = lim
N→∞
χ{1/N≤|f |≤N}f in Mpq . For
a fixed N ∈ N, define
FN (z) = sgn(f)|f |p
1−z
p0
+p z
p1 χ{1/N≤|f |≤N} (z ∈ S). (3.3)
Then FN (θ) ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Proof. Observe that (1.2) and (1.4) imply
p0
q0
=
p1
q1
=
p
q
. (3.4)
Without loss of generality, assume that p0 > p1. Define FN,0(z) := χ{|f |≤1}FN (z) and
FN,1(z) := FN (z)− FN,0(z). Since
|FN,0(z)| = χ{ 1
N
≤|f |≤1}|f |
p
p0 |f |
(
p
p1
− p
p0
)
Re(z) ≤ |f |
p
p0 ,
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by using (3.4), we have
m(FN,0(z), p0, q0; r) ≤ m
(
|f |
p
p0 , p0, q0; r
)
= m(f, p, q; r)
p
p0 . (3.5)
Taking r → 0+ and using the fact that f ∈ V∞Mpq , we have FN,0(z) ∈ V∞Mp0q0 .
Moreover, by (3.5), we also have
‖FN,0(z)‖V∞Mp0q0 ≤ ‖f‖
p
p0
Mpq . (3.6)
By a similar argument, we have FN,1(z) ∈ V∞Mp1q1 and
‖FN,1(z)‖V∞Mp1q1 ≤ ‖f‖
p
p1
Mpq . (3.7)
Combining (3.6) and (3.7), we have FN (z) ∈ V∞Mp0q0 + V∞Mp1q1 and
sup
z∈S
‖FN (z)‖V∞Mp0q0+V∞Mp1q1 ≤ ‖f‖
p
p0
Mpq + ‖f‖
p
p1
Mpq <∞. (3.8)
We now show the continuity of FN . Let z ∈ S and h ∈ S be such that z+h ∈ S. Since
|FN,0(z + h)− FN,0(z)| =
∣∣∣∣|f |h
(
p
p1
− p
p0
)
− 1
∣∣∣∣ |FN,0(z)|
≤
(
e
|h|
(
p
p1
− p
p0
)
| log |f || − 1
)
|FN,0(z)|
≤
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)
|FN,0(z)|,
by using (3.6), we have
‖FN,0(z + h)− FN,0(z)‖V∞Mp0q0 ≤
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)
‖f‖
p
p0
Mpq . (3.9)
Similarly,
‖FN,1(z + h)− FN,1(z)‖V∞Mp1q1 ≤
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)
‖f‖
p
p1
Mpq . (3.10)
Combining (3.9) and (3.10), we get
‖FN (z + h)− FN (z)‖V∞Mp0q0+V∞Mp1q1 ≤
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)(
‖f‖
p
p0
Mpq + ‖f‖
p
p1
Mpq
)
.
This implies
lim
h→0
‖FN (z + h)− FN (z)‖V∞Mp0q0+V∞Mp1q1 = 0.
Hence, FN is continuous on S. The proof of holomorphicity of FN in S goes as follows.
For every z ∈ S, define
F ′N,0(z) := FN,0(z)
(
p
p1
− p
p0
)
log |f |, F ′N,1(z) := FN,1(z)
(
p
p1
− p
p0
)
log |f |,
9
and F ′N (z) := F
′
N,0(z) + F
′
N,1(z). As a consequence of (3.6) and (3.7), we have
‖F ′N (z)‖V∞Mp0q0+V∞Mp1q1 ≤ ‖F
′
N,0(z)‖V∞Mp0q0 + ‖F
′
N,1(z)‖V∞Mp1q1
≤
(
p
p1
− p
p0
)
(logN)
(
‖f‖
p
p0
Mpq + ‖f‖
p
p1
Mpq
)
,
so F ′N (z) ∈ V∞Mp0q0 +V∞Mp1q1 . Now, let z ∈ S and h ∈ C \ {0} be such that z+h ∈ S.
Then ∣∣∣∣FN,0(z + h)− FN,0(z)h − F ′N,0(z)
∣∣∣∣
≤ |FN,0(z)|
(
p
p1
− p
p0
)
| log |f ||
(
e
|h|
(
p
p1
− p
p0
)
| log |f || − 1
)
≤ |FN,0(z)|
(
p
p1
− p
p0
)
(logN)
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)
. (3.11)
Combining (3.6) and (3.11), we get∥∥∥∥FN,0(z + h)− FN,0(z)h − F ′N,0(z)
∥∥∥∥
V∞Mp0q0
.
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)
‖f‖
p
p0
Mpq . (3.12)
Similarly,∥∥∥∥FN,1(z + h)− FN,1(z)h − F ′N,1(z)
∥∥∥∥
V∞Mp1q1
.
(
e
|h|
(
p
p1
− p
p0
)
logN − 1
)
‖f‖
p
p1
Mpq . (3.13)
Here the implicit constants in (3.11) and (3.12) can depend on N . Hence, it follows
from (3.12) and (3.13) that
lim
h→0
∥∥∥∥FN (z + h)− FN (z)h − F ′N (z)
∥∥∥∥
V∞Mp0q0+V∞M
p1
q1
= 0,
so FN is holomorphic in S. Finally, we show the boundedness and continuity of the
function t ∈ R 7→ FN (k + it) ∈ V∞Mpkqk for each k ∈ {0, 1}. Note that, by using (3.4),
we have
m(FN (k + it), pk, qk; r) ≤ m(|f |
p
pk , pk, qk; r) = m(f, pk, qk; r)
p
pk ,
so FN (k + it) ∈ V∞Mpkqk and
sup
t∈R
‖FN (k + it)‖V∞Mpkqk ≤ ‖f‖
p
pk
Mpq . (3.14)
Hence, t ∈ R 7→ FN (k + it) ∈ V∞Mpkqk is bounded. Let t0 ∈ R be fixed. Then, by
(3.14), for every t ∈ R, we have
‖FN (k + it)− FN (k + it0)‖V∞Mpkqk =
∥∥∥∥FN (k + it0)
(
|f |i
(
p
p0
− p
p1
)
(t−t0) − 1
)∥∥∥∥
V∞Mpkqk
≤ ‖f‖
p
pk
Mpq
(
e
(
p
p1
− p
p0
)
(logN)|t1−t2| − 1
)
,
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so
lim
t→t0
‖FN (k + it)− FN (k + it0)‖V∞Mpkqk = 0.
This shows that t ∈ R 7→ FN (k + it) ∈ V∞Mpkqk is continuous. Hence, we have shown
that FN ∈ F(V∞Mp0q0 , V∞Mp1q1 ). Thus, FN (θ) ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Remark 3.5. The similar result is also valid when V∞ is replaced by V (∗).
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. According to Lemma 3.1, we have Mp0q0 ⊆ V0Mp0q0 ⊆ Mp0q0 and
Mp1q1 ⊆ V0Mp1q1 ⊆Mp1q1 . Consequently, by virtue of Theorem 2.11, we have (1.7).
Next, we only prove (1.8) because the proofs of (1.8) and (1.9) are similar. Let
f ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ. Then, by virtue of Lemma 2.4, we can choose {fj}∞j=1 ⊆
V∞Mp0q0 ∩ V∞Mp1q1 such that
lim
j→∞
‖f − fj‖[V∞Mp0q0 ,V∞Mp1q1 ]θ = 0. (3.15)
According to Lemma 3.3, we have {fj}∞j=1 ⊆ V∞Mpq . Combining [V∞Mp0q0 , V∞Mp1q1 ]θ ⊆
[Mp0q0 ,Mp1q1 ]θ ⊆Mpq and (3.15), we get
lim
j→∞
‖f − fj‖Mpq = 0, (3.16)
so f ∈ V∞Mpq . Consequently,
[V∞Mp0q0 , V∞Mp1q1 ]θ ⊆ V∞Mpq ∩ [Mp0q0 ,Mp1q1 ]θ
Conversely, let V∞Mpq ∩ [Mp0q0 ,Mp1q1 ]θ . Then, by virtue of Theorem 2.10, we have
lim
N→∞
‖f − χ{1/N≤|f |≤N}f‖Mpq = 0. (3.17)
Define FN (z) by (3.3). Then, by virtue of Proposition 3.4, we have
FN (θ) ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Moreover, for every M,N ∈ N with M > N , we have
‖FM (θ)− FN (θ)‖[V∞Mp0q0 ,V∞Mp1q1 ]θ ≤ maxk=0,1 ‖fχ{|f |< 1N }∪{|f |>N}‖
p
pk
Mpq ,
so by (3.17), we see that {FN (θ)}∞N=1 is a Cauchy sequence in [V∞Mp0q0 , V∞Mp1q1 ]θ.
Consequently, there exists g ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ such that
lim
N→∞
‖FN (θ)− g‖[V∞Mp0q0 ,V∞Mp1q1 ]θ = 0. (3.18)
By using [V∞Mp0q0 , V∞Mp1q1 ]θ ⊆ [Mp0q0 ,Mp1q1 ]θ ⊆Mpq again, we see that (3.18) implies
lim
N→∞
‖FN (θ)− g‖Mpq = 0. (3.19)
Since f − FN (θ) = f − χ{1/N≤|f |≤N}f , we may combine (3.17) and (3.19) to obtain
f = g, so f ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ. This completes the proof of Theorem 1.2.
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4 The second complex interpolation of vanishing Morrey
spaces
First, we show that the vanishing Morrey spaces V∞Mpq is a Banach lattice on Rn.
Lemma 4.1. Let 1 ≤ q ≤ p <∞. If f ∈ V∞Mpq and |g| ≤ |f |, then g ∈ V∞Mpq .
Proof. The assertion follows immediately from the inequality
m(g, p, q; r) ≤ m(f, p, q; r),
for every r > 0.
Remark 4.2. By a similar argument, we also can show that V0Mpq and V (∗)Mpq are
Banach lattices on Rn.
We now prove the following inclusion result, whose proof is similar to that of [7,
Lemma 8].
Lemma 4.3. Keep the same assumption as in Theorem 1.3. Then
Mpq ∩ V∞Mpq
Mp0q0+M
p1
q1 ⊆
⋂
0<a<b<∞
{f ∈ Mpq : χ{a≤|f |≤b}f ∈ V∞Mpq}.
Proof. We may assume that q0 > q1. Then q0 > q > q1. Let f ∈ Mpq∩V∞Mpq
Mp0q0+M
p1
q1 .
We shall show that, for every 0 < a < b <∞
χ{a≤|f |≤b}f ∈ V∞Mpq . (4.1)
In view of Lemma 4.1, we can prove (4.1) by showing that
χ{a≤|f |≤b}Θ(|f |) ∈ V∞Mpq , (4.2)
where Θ : [0,∞)→ [0,∞) is defined by
Θ(t) :=


0, 0 ≤ t < a2 or t > 2b,
2t− a, a2 < t ≤ a,
a, a ≤ t ≤ b,
−ab t+ 2a, b < t ≤ 2b.
Since f ∈ V∞Mpq
Mp0q0+M
p1
q1 , we can choose {fj}∞j=1 ⊆ V∞Mpq , {gj}∞j=1 ⊆ Mp0q0 , and
{hj}∞j=1 ⊆Mp1q1 such that f = fj + gj + hj ,
lim
j→∞
‖gj‖Mp0q0 = 0 and limj→∞ ‖hj‖Mp1q1 = 0. (4.3)
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Note that, by virtue of Lemma 4.1 and the inequality
χ{a≤|f |≤b}Θ(|fj |) ≤ |fj |,
we have χ{a≤|f |≤b}Θ(|fj|) ∈ V∞Mpq . Therefore, (4.2) is valid once we can show that
lim
j→∞
‖χ{a≤|f |≤b}(Θ(|fj|)−Θ(|f |)‖Mpq = 0 (4.4)
Since
|Θ(t1)−Θ(t2)| . min(1, |t1 − t2|),
for every t1, t2 ≥ 0, we have
‖χ{a≤|f |≤b}(Θ(|fj |)−Θ(|f |)‖Mpq . ‖χ{a≤|f |≤b}min(1, |gj |)‖Mpq
+ ‖min(1, |hj |)‖Mpq . (4.5)
By using q > q1, we have
‖min(1, |hj |)‖Mpq ≤ ‖|hj |q1/q‖Mpq = ‖hj‖
q1/q
Mp1q1
. (4.6)
Meanwhile, by using the Ho¨lder inequality, we get
‖χ{a≤|f |≤b}min(1, |gj |)‖Mpq ≤ ‖gj‖1−θMp0q0 ‖χ{a≤|f |≤b}min(1, |gj |)‖
θ
Mp1q1
. ‖gj‖1−θMp0q0 ‖f‖
θq
q1
Mpq . (4.7)
Combining (4.3), (4.5), (4.6), and (4.7), we obtain (4.4).
We are now ready to prove Theorem 1.3.
Proof of Theorem 1.3. By virtue of Theorem 2.11 and Lemma 3.1, we have
Mpq ⊆ [V0Mp0q0 , V0Mp1q1 ]θ.
Combining this, [V0Mp0q0 , V0Mp1q1 ]θ ⊆ [Mp0q0 ,Mp1q1 ]θ, and Theorem 2.9, we have (1.10).
Next, we only show (1.11) because we can prove (1.12) by a similar argument. Let
f ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ. Then there exists G ∈ G(V∞Mp0q0 , V∞Mp1q1 ) such that
f = G′(θ).
Consequently,
lim
k→∞
‖f −Hk(θ)‖Mp0q0+Mp1q1 = 0, (4.8)
where Hk is defined in Lemma 2.7. Combining (4.8) with the second part of Theorem
1.2, Lemma 2.7 and [V∞Mp0q0 , V∞Mp1q1 ]θ ⊆Mpq , we have
f ∈ Mpq ∩ V∞Mpq
Mp0q0+M
p1
q1 .
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Therefore, by virtue of Lemma 4.3, we have f ∈ Mpq and χ{a≤|f |≤b}f ∈ V∞Mpq for
every 0 < a < b <∞. We now show that⋂
0<a<b<∞
{f ∈ Mpq : χ{a≤|f |≤b} ∈ V∞Mpq} ⊆ [V∞Mp0q0 , V∞Mp1q1 ]θ. (4.9)
Suppose that f belongs to the set in the left-hand side of (4.9). Let F and G be defined
by (2.2) and (2.3), respectively. In view of Proposition 2.8, we only need to show that
G(z) ∈ V∞Mp0q0 + V∞Mp1q1 (z ∈ S) (4.10)
and
G(k + it)−G(k) ∈ V∞Mpkqk (k ∈ {0, 1}, t ∈ R). (4.11)
The proof of (4.10) goes as follows. Define G0(z) := χ{|f |≤1}G(z) and G1(z) := G(z)−
G0(z). For every ε ∈ (0, 1), we write Gε(z) := χ{|f |≥ε}G0(z). Then, by (2.4), we have
|Gε(z)| ≤ 2(1 + |z|)χ{ε≤|f |≤1} ≤
2(1 + |z|)
ε
χ{ε≤|f |≤1}|f |.
Since χ{ε≤|f |≤1}f ∈ V∞Mp0q0 , by virtue of Lemma 4.1, we have Gε(z) ∈ V∞Mp0q0 . Mean-
while,
|G0(z) −Gε(z)| =
∣∣∣∣∣∣χ{|f |<ε}
F (z)− F (θ)(
p
p1
− pp0
)
log |f |
∣∣∣∣∣∣ .
|f |
p
p0
− log ε.
This implies
‖G0(z) −Gε(z)‖Mp0q0 .
‖f‖
p
p0
Mpq
− log ε .
Therefore, lim
ε→0+
‖G0(z)−Gε(z)‖Mp0q0 = 0. Consequently, G0(z) ∈ V∞M
p0
q0 . By a similar
argument, we also have G1(z) ∈ V∞Mp1q1 . Since G(z) = G0(z)+G1(z), we obtain (4.10).
We now prove (4.11). For every N ∈ N, we define
HN (k + it) := (G(k + it)−G(k))χ{N−1≤|f |≤N}.
It follows from (2.4) that
|HN (k + it)| ≤ Ck,N,tχ{N−1≤|f |≤N}|f |.
Therefore, by virtue of Lemma 4.1, we have HN (k + it) ∈ V∞Mpkqk . Moreover,
‖G(k + it)−G(k)−HN (k + it)‖Mpkqk . ‖χ{|f |<N−1}∪{|f |>N}
|F (k + it)|+ |F (k)|
| log |f || ‖Mpkqk
.
∥∥∥|f | ppk ∥∥∥
Mpkqk
logN
=
‖f‖
p
pk
Mpq
logN
.
Consequently, lim
N→∞
‖G(k + it) − G(k) − HN (k + it)‖Mpkqk = 0. Combining this and
HN (k + it) ∈ V∞Mpkqk , we obtain (4.11), as desired.
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5 Complex interpolation of (Mp0q0 ,M
p1
q1)
Theorem 5.1. Let 1 ≤ q ≤ p <∞. Then Mpq =
⋄
Mpq .
Proof. Let f ∈
⋄
Mpq . Then there exists {fj}∞j=1 ⊂ Mpq such that ∂αfj ∈ Mpq for all
α ∈ N0n and j ∈ N and that lim
j→∞
fj = f in the topology of Mpq . Let y ∈ Rn. We
observe
‖f(·+ y)− f‖Mpq ≤ ‖fj(·+ y)− fj‖Mpq + ‖f(·+ y)− fj(·+ y)‖Mpq + ‖f − fj‖Mpq
≤ ‖fj(·+ y)− fj‖Mpq + 2‖f − fj‖Mpq .
We note that each fj is smooth in view of the fact that f ∈ BUC whenever ∂αf ∈ Mpq
for all α such that |α| ≤ n
p
+ 1. So, by the mean value theorem,
‖fj(·+ y)− fj‖Mpq =
∥∥∥∥
∫ 1
0
y · ∇fj(·+ ty) dt
∥∥∥∥
Mpq
≤
∫ 1
0
|y| · ‖∇fj(·+ ty)‖Mpq dt
= |y| · ‖∇fj‖Mpq .
Thus,
‖f(·+ y)− f‖Mpq ≤ |y| · ‖∇fj‖Mpq + 2‖f − fj‖Mpq .
If we let y → 0, then we obtain
lim sup
y→0
‖f(·+ y)− f‖Mpq ≤ 2‖f − fj‖Mpq .
It remains to let j →∞.
Conversely let f ∈ Mpq . Choose a non-negative function ρ ∈ C∞({|y| < 1}) with
‖ρ‖L1 = 1. Set ρj = jnρ(j·) for j ∈ N. We set fj = ρj ∗ f . Then we have
‖f − fj‖Mpq ≤
∫
Rn
ρj(y)‖f − f(· − y)‖Mpq dy ≤ sup|y|≤j−1
‖f − f(· − y)‖Mpq .
As a result, letting j → ∞, we obtain lim
j→∞
fj = f in the topology of Mpq . Since
∂αfj = (∂
αρj) ∗ f ∈ Mpq , we obtain f ∈
⋄
Mpq .
As a corollary of Theorems 2.13 and 5.1, we have the following result.
Corollary 5.2. Keep the same assumption as in Theorem 2.13. Then
[Mp0q0 ,M
p1
q1 ]θ = {f ∈Mpq : limN→∞ ‖f − χ{1/N≤|f |≤N}f‖Mpq = 0}
and
[Mp0q0 ,M
p1
q1 ]
θ =
⋂
0<a<1
{
f ∈ Mpq : lim
J→∞
‖S(f ; a, J)‖Mpq = 0
}
.
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6 Examples
In this section, we shall examine the relation between each subspace in Theorems 1.2
and 1.3 and comparing them by giving several examples. Let θ ∈ (0, 1) and assume
that
1 ≤ q0 < p0 <∞, 1 ≤ q1 < p1 <∞, and p0
q0
=
p1
q1
. (6.1)
Let p and q be defined by (1.2). Define
E(p, q) := {(yk+(R−1)(a1+Ra2+· · · ))k=1,...,n : {aj}∞j=1 ∈ {0, 1}∞∩ℓ1(N), y ∈ [0, 1]n},
where R > 2 solves R
n
p
−n
q 2
n
q = 1, so that each connected component of E(p, q) is a
closed cube with volume 1. It is known that χE(p,q) ∈ Mpq(Rn); see [17]. We also define
Em :=
m−1⋃
j=0
[j, j +m−nq/p]× [0,m]n−1
for m ∈ N. For x ∈ Rn, we let
f1(x) := χE(p,q)(x)
f2(x) :=
∞∑
j=1
χj!e1+[0,1]n(x)
f3(x) := |x|−n/p(x)
f4(x) :=
∞∑
m=1
χEm(x−m!e1).
We have the following list of the membership:
f1 f2 f3 f4
[V0Mp0q0 , V0Mp1q1 ]θ = [Mp0q0 ,Mp1q1 ]θ ◦ ◦ × ◦
[V∞Mp0q0 , V∞Mp1q1 ]θ × ◦ × ×
[V (∗)Mp0q0 , V (∗)Mp1q1 ]θ × × × ◦
[V0Mp0q0 , V0Mp1q1 ]θ =Mpq ◦ ◦ ◦ ◦
[V∞Mp0q0 , V∞Mp1q1 ]θ × ◦ ◦ ×
[V (∗)Mp0q0 , V (∗)Mp1q1 ]θ × × ◦ ◦
In the table, ◦ stands for the membership, while × means that the function does not
belong to the function space. The detail verification of this table is given as follows.
Corollary 6.1. Let θ ∈ (0, 1) and assume (6.1). Then, f1 belongs to [V0Mp0q0 , V0Mp1q1 ]θ,
but
f1 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∪ [V∞Mp0q0 , V∞Mp1q1 ]θ.
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Proof. Observe that, for every N ∈ N, we have
f1 − χ{ 1
N
≤|f1|≤N}f1 = f1χ{|f1|≤ 1N }∪{|f1|>N} = 0.
Therefore,
lim
N→∞
‖f1 − χ{ 1
N
≤|f1|≤N}f1‖Mpq = 0. (6.2)
Since f1 ∈ Mpq satisfies (6.2), by virtue of Theorem 1.2, we have f1 ∈ [V0Mp0q0 , V0Mp1q1 ]θ.
According to Theorem 1.2, we only need to show that
f1 /∈ V (∗)Mpq ∪ V∞Mpq . (6.3)
Let N ∈ N. Then there exists a closed cube Q = QN ⊆ E(p, q) of length 1 such that
Q ⊆ Rn \B(0, 2N). Since
sup
x∈Rn
∫
B(x,1)
|f1(y)|qχRn\B(0,N)(y) dy ≥
∫
B(cQ,1)
χQ(y)χRn\B(0,N)(y) dy
= |Q ∩B(cQ, 1)| ≥
(
2√
n
)n
,
we see that
lim
N→∞
sup
x∈Rn
∫
B(x,1)
|f1(y)|qχRn\B(0,N)(y) dy 6= 0.
Hence, f1 /∈ V (∗)Mpq . We now show that f1 /∈ V∞Mpq . Let k ∈ N. By a geometric
observation, [0, Rk]n ∩ E(p, q) = ∪2knj=1Qj , where {Qj}2
kn
j=1 is a collection of closed cube
of length 1. Therefore,
m
(
f1, p, q;
√
nRk
2
)
& |B(c[0,Rk]n , Rk)|
1
p
− 1
q
(∫
[0,Rk]n
|f1(y)|q dy
) 1
q
∼ Rk
(
n
p
−n
q
)
|[0, Rk]n ∩ E(p, q)| 1q = Rk
(
n
p
−n
q
)
2
kn
q = 1.
Since k is arbitrary, we see that lim
r→∞m(f1, p, q; r) 6= 0, so f1 /∈ V∞M
p
q , as desired.
Corollary 6.2. Keep the same assumption as in Corollary 6.1. Then, f1 belongs to
[V0Mp0q0 , V0Mp1q1 ]θ, but
f1 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∪ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Proof. The first assertion follows from Corollary 6.1 and
[V0Mp0q0 , V0Mp1q1 ]θ ⊆ [V0Mp0q0 , V0Mp1q1 ]θ.
Combining (6.3), Theorem 1.3, and the identity
χ{1/2≤|f1|≤1}f1 = f1,
we conclude that f1 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∪ [V∞Mp0q0 , V∞Mp1q1 ]θ.
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Corollary 6.3. Keep the same assumption as in Corollary 6.1. Then, f2 belongs to
[V∞Mp0q0 , V∞Mp1q1 ]θ, but f2 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ.
Proof. By a similar argument as in the proof of [1, Theorem 4.1], we have f2 ∈ V∞Mpq
but f2 /∈ V (∗)Mpq . Moreover, f2 satisfies
lim
N→∞
‖f2 − f2χ{1/N≤|f2|≤N}‖Mpq = 0.
Therefore, by virtue of Theorem 1.2, we have the desired conclusion.
Corollary 6.4. Keep the same assumption as in Corollary 6.1. Then, f2 belongs to
[V∞Mp0q0 , V∞Mp1q1 ]θ, but f2 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ.
Proof. Note that, f2 ∈ [V∞Mp0q0 , V∞Mp1q1 ]θ is a consequence of Corolary 6.3 and
[V∞Mp0q0 , V∞Mp1q1 ]θ ⊆ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Meanwhile, by the identity
χ{1/2≤|f2|≤1}f2 = f2
and f2 ∈ V (∗)Mpq , we have f2 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ.
Corollary 6.5. Keep the same assumption as in Corollary 6.1. Then
f3 ∈ [V0Mp0q0 , V0Mp1q1 ]θ \ [V0Mp0q0 , V0Mp1q1 ]θ, (6.4)
f3 ∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∩ [V∞Mp0q0 , V∞,Mp1q1 ]θ
and
f3 /∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∪ [V∞Mp0q0 , V∞Mp1q1 ]θ. (6.5)
Proof. Since f3 ∈ Mpq , by virtue of Theorem 1.3, we have f3 ∈ [V0Mp0q0 , V0Mp1q1 ]θ. Note
that f3 fails to belong to [V0Mp0q0 , V0Mp1q1 ]θ because
f3 = lim
N→∞
χ[N−1,N ](f)f
fails in Mpq .
Let 0 < a < b < ∞. Since χ{a≤|f3|≤b}f3 ∈ L∞c , by virtue of Lemma 3.2, we
have χ{a≤|f3|≤b}f3 ∈ V (∗)Mpq ∩ V∞Mpq . Therefore, according to Theorem 1.3, we have
f3 ∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∩ [V∞Mp0q0 , V∞Mp1q1 ]θ. Meanwhile, (6.5) follows immediately
from
([V (∗)Mp0q0 , V (∗)Mp1q1 ]θ ∪ [V∞Mp0q0 , V∞Mp1q1 ]θ) ⊆ [V0Mp0q0 , V0Mp1q1 ]θ
and (6.4).
Corollary 6.6. Keep the same assumption as in Corollary 6.1. Then, f4 belongs to
[V (∗)Mp0q0 , V (∗)Mp1q1 ]θ, but f4 /∈ [V∞Mp0q0 , V∞Mp1q1 ]θ.
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Proof. Let x ∈ Rn and N ∈ N. Note that, if m ∈ N satisfies
(m! +m)2 + (n− 1)m2 < N,
then for every y ∈ [m!,m! +m]× [0,m]n−1, we have |y| < N . Consequently,∫
B(x,1)
|f4(y)|qχRn\B(0,N)(y) dy
=
∑
m∈N
∫
B(x,1)
χEm(y −m!e1)χRn\B(0,N)(y) dy
=
∑
m∈N,(m!+m)2+(n−1)m2≥N
∫
B(x,1)
χEm(y −m!e1)χRn\B(0,N)(y) dy
≤
∑
m∈N,(m!+m)2+(n−1)m2≥N
∫
B(x,1)
χEm(y −m!e1) dy. (6.6)
By a geometric observation, we see that∫
B(x,1)
χEm(y −m!e1) dy. =
∫
Rn
χEm(y)χB(x,1)(y +m!e1) dy
=
∫
Rn
χEm(y)χB(x−m!e1,1)(y) dy
= |Em ∩B(x−m!e1, 1)|
.
|Em|
mn
=
m−
nq
p ·mn−1
mn
= m
−nq
p
−1
. (6.7)
Combining (6.6) and (6.7), we get
sup
x∈Rn
∫
B(x,1)
|f4(y)|qχRn\B(0,N)(y) dy .
∑
m∈N,(m!+m)2+(n−1)m2≥N
m
−nq
p
−1
.
Since
∑
m∈N
m
−nq
p
−1
<∞, we have
lim
N→∞
sup
x∈Rn
∫
B(x,1)
|f4(y)|qχRn\B(0,N)(y) dy = 0,
so f4 ∈ V (∗)Mpq . According to Remark 4.2, we have
χ{a≤|f4|≤b}f4 ∈ V (∗)Mpq,
for every 0 < a < b <∞. Therefore, by virtue of (1.12), we conclude that
f4 ∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ.
We now prove that f4 /∈ [V∞Mp0q0 , V∞Mp1q1 ]θ. For every N ∈ N, we define
Q := [N !, N ! +N ]× [0, N ]n−1.
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Since |EN | = Nn−
nq
p , we have
m(f4, p, q;
√
nN/2) & N
n
p
−n
q
(∫
B(cQ,
√
nN/2)
|f4(y)|q dy
) 1
q
≥ N np−nq
(∫
Q
χEN (y −N !e1) dy
) 1
q
= N
n
p
−n
q |EN |
1
q = 1,
so lim
r→∞m(f4, p, q; r) 6= 0. Therefore, f4 /∈ V∞M
p
q . Combining this with (1.11) and
χ{1/2≤|f4|≤1}f4 = f4,
we conclude that f4 /∈ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Corollary 6.7. Keep the same assumption as in Corollary 6.1. Then, f4 belongs to
[V (∗)Mp0q0 , V (∗)Mp1q1 ]θ, but f4 /∈ [V∞Mp0q0 , V∞Mp1q1 ]θ.
Proof. In the proof of Corollary 6.6, it is shown that f4 ∈ V (∗)Mpq . Moreover, for every
N ∈ N, we have
χ{|f4|<1/N}∪{|f4|>N}f4 = 0,
so lim
N→∞
‖f4 − χ{1/N≤|f4|≤N}f4‖Mpq = 0. Therefore, by (1.9), we have
f4 ∈ [V (∗)Mp0q0 , V (∗)Mp1q1 ]θ.
The second assertion follows from
[V∞Mp0q0 , V∞Mp1q1 ]θ ⊆ [V∞Mp0q0 , V∞Mp1q1 ]θ
and Corollary 6.6.
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